We study the influence of thermal fluctuations on the buckling behavior of thin elastic capsules with spherical rest shape. Above a critical uniform pressure, an elastic capsule becomes mechanically unstable and spontaneously buckles into a shape with an axisymmetric dimple. Thermal fluctuations affect the buckling instability by two mechanisms. On the one hand, thermal fluctuations can renormalize the capsule's elastic properties and its pressure because of anharmonic couplings between normal displacement modes of different wavelengths. This effectively lowers its critical buckling pressure [Kosmrlj and Nelson, Phys. Rev. X 7, 011002 (2017)]. On the other hand, buckled shapes are energetically favorable already at pressures below the classical buckling pressure. At these pressures, however, buckling requires to overcome an energy barrier, which only vanishes at the critical buckling pressure. In the presence of thermal fluctuations the capsule can spontaneously overcome an energy barrier of the order of the thermal energy by thermal activation already at pressures below the critical buckling pressure. We revisit parameter renormalization by thermal fluctuations and formulate a buckling criterion based on scale-dependent renormalized parameters to obtain a temperature-dependent critical buckling pressure. Then we quantify the pressure-dependent energy barrier for buckling below the critical buckling pressure using numerical energy minimization and analytical arguments. This allows us to obtain the temperature-dependent critical pressure for buckling by thermal activation over this energy barrier. Remarkably, both parameter renormalization and thermal activation lead to the same parameter dependence of the critical buckling pressure on temperature, capsule radius and thickness, and Young's modulus. Finally, we study the combined effect of parameter renormalization and thermal activation by using renormalized parameters for the energy barrier in thermal activation to obtain our final result for the temperature-dependent critical pressure, which is significantly below the results if only parameter renormalization or only thermal activation is considered.
I. INTRODUCTION
Elastic capsules are thin-walled elastic shells enclosing a fluid medium. Bending energy penalizes deviations in curvature from a specific spontaneous curvature, and two-dimensional elastic energy penalizes stretching and shear deformations of the quasi-two-dimensional solid shell with respect to a reference or rest shape, in which the capsule is stress free.
On the microscale, there are many biological examples of elastic capsules such as red blood cells [1, 2] , virus capsids [3, 4] , and pollen grains [5] . Microcapsules can also be artificially produced by various methods, e.g., as hollow polymer or polyelectrolyte capsules [6] [7] [8] . Both biological and artificial microcapsules are typically used to encapsulate, transport, and eventually release a substance. Artificial elastic capsules are used as container and delivery systems in numerous applications, such as food technology [9] , cosmetics [10] , chemical industry, and pharmacy [11, 12] . Also, all macroscopic elastic shells (such as beach balls, egg shells, etc.) are described by the same continuum shell elasticity as microcapsules.
Often the capsule's reference shape is a sphere (of radius R 0 ). A notable exception are red blood cells, where the reference shape is an oblate spheroid [1] . If the capsule material can be viewed as a thin shell of thickness h ( R 0 ) made from an isotropic and homogeneous elastic material, the shell has a bending modulus κ ∝ h 3 but a two-dimensional Young's modulus Y ∝ h [13, 14] . Therefore, bending deformations are energetically preferred over stretching or shear deformations for thin shells. Very thin elastic capsules therefore exhibit a peculiar deformation behavior. In the extreme case of an infinitely thin shell, only isometric deformations, i.e., deformations that preserve the metric and, thus, the Gaussian curvature and the stretching and shear energies, are possible. There is, however, no smooth and isometric deformation of spheres or ellipsoids, which makes elastic capsules quite resistant to pressure or volume decrease, creating a "geometry-induced rigidity" in thin capsules [15, 16] , which is also employed on the macroscale for mechanical stability of dome-like structures.
This rigidity makes elastic capsules stable under a uniform external pressure, and, for small pressures, they retain their spherical shape. Above a critical pressure, however, a buckling instability occurs, where the spherical shape becomes mechanically unstable and a dimple is finally formed [13, 17] . Understanding the buckling instability is both important from a structural mechanics perspective, as it is relevant for the mechanical stability of macroscopic spherical shells, and in the context of microcapsules, which can buckle, for example, by osmotic pressure [18] [19] [20] [21] . Following Pogorelov [22] , the dimple can be viewed as an approximative inverted spherical cap whose sharp edge at the rim is rounded to avoid infinite bending energies. Such a rounded spherical cap is, therefore, an approximative isometry of the spherical rest shape, which avoids large stretching energies.
For ideal spherical shells the classical buckling pressure p c has been known for more than 100 years [23] . For a shell with rest radius R 0 , bending rigidity κ, and twodimensional (2D) Young's modulus Y , one finds [17, 24] p c = 4
The second equality applies for thin shells of thickness h made from an isotropic elastic material with bulk Young modulus E and Poisson ratio ν, where κ = Eh 3 /12(1 − ν 2 ) and Y = Eh [24] . We also introduced the Föppl-von Kármán number
which is an inverse dimensionless bending rigidity. The ideal critical pressure p c is, however, not reached in experiments on macroscopic shells, because imperfections reduce the buckling pressure significantly. Such imperfections have been discussed by Hutchinson [25] and Koiter [26] in the form of additional quenched normal displacements. At p c (or a p c reduced by imperfections) buckling occurs as an instability with respect to oscillatory normal displacements, the shortest possible wavelength of which is λ c = 2πR 0 γ −1/4 = 2l el [25] , which sets an important elastic length scale (3) in the buckling problem. For thin shells with γ 1, the buckling wavelength is small compared to the shell radius (but large compared to shell thickness). There are many unstable modes with this wavelength, and the buckling instability results in a hexagonal lattice of dimples of size ∼ λ c on the sphere, as was shown theoretically [25, 26] and also by experiments [27] and numerical simulations [28] . This buckling pattern is unstable with respect to growth of one of the dimples on the expense of the others, finally resulting in a single axisymmetric dimple. For a fixed mechanical pressure p ≥ p c , the dimple will actually snap through and grow until opposite sides are in contact, whereas for osmotic pressure control or even volume control, a stable dimple shape is reached before opposite sides come into contact [29, 30] . The dimple can, however, assume a polygonal shape in a secondary buckling transition [31] [32] [33] .
Interestingly, the buckled state with a single axisymmetric dimple becomes energetically favorable already at a much lower pressure p c1 p c , which is sometimes also called Maxwell pressure because it can be obtained from a Maxwell construction of equal energies [29, 30, 34, 35] . For p c > p > p c1 , the axisymmetrically buckled configuration with a single dimple has a lower energy as compared to a spherical shape, but the spherical shape remains a local energy minimum, which is protected by an energy barrier from buckling [29, 30] . [36] For mechanical pressure control, a parameter dependence
has been found [30] . The results of Ref. [29] show that there is also a critical unbuckling pressure p cu , below which no stable buckled shape exists. In Ref. [37] , p cu ∼ 3p c1 /4 has been found; i.e., p cu has the same parameter dependence as p c1 . The unbuckling pressure also corresponds to the minimum pressure on the pressurevolume relation of the buckled branch, for which the same parameter has been found in Refs. [35, 38] . As a result, there is a rather wide pressure window p c > p > p c1 , where buckling is energetically possible but must be induced by imperfections or other external perturbations because an energy barrier has to be overcome. This energy barrier has been subject of a number of recent studies both for spherical [34, 35, [39] [40] [41] and cylindrical [41, 42] shells and will be quantified in this paper for spherical shells by numerical calculations. One important cause of perturbation to be studied within this work and particularly relevant for thin shells or capsules are thermal fluctuations. Thin shells or two-dimensional elastic materials deform easily by bending and can therefore exhibit pronounced thermal shape fluctuations at room temperature [43] . Thermal fluctuations could give rise to thermal activation over the buckling energy barrier. Figure 1 shows that both experimental values for macroscopic shells as well as simulation results for thermally fluctuating shells always lie within the pressure window p c > p > p c1 , where buckling is energetically allowed.
This suggests that thermal fluctuations of a shell or capsule can have two effects on the buckling transition: (i) They induce shape fluctuations similar to the imperfections studied in Refs. [25, 26] . Therefore, they should reduce the classical buckling pressure p c where a spontaneous mechanical instability sets in. (ii) They give rise to thermal activation over the buckling energy barrier in the pressure window between p c and p c1 , which leads to a further reduction of the apparent buckling pressure p c in the presence of thermal fluctuations.
The effect (i) has already been studied analytically and numerically in Refs. [44, 45] . Using renormalization group (RG) calculations, it has been established that thermal shape fluctuations of a shell renormalize its Young modulus downward and bending rigidity upward and generate an effective compressive pressure [45] . As a result, the classical buckling pressure is decreased by thermal shape fluctuations, i.e., the shell effectively softens and becomes increasingly unstable with temperature, FIG. 1. Classical buckling pressure pc ∝ γ −1/2 (dark red line) and critical pressure pc1 ∝ γ −3/4 (light blue line), where buckling is already energetically favorable according to Ref. [30] . Experimental results (black squares, from Ref. [27] ) and finite-temperature Monte Carlo simulations (gray triangles, from Ref. [44] ) for the buckling pressure lie between pc and pc1.
which has also been observed in Monte-Carlo simulations of thermally fluctuating shells [44] . Using the same RG treatment as Ref. [45] but different buckling criteria, we will arrive at essentially the same conclusions.
The effect (ii) of thermal activation over the buckling energy barrier has not been considered so far and is the main subject of the present paper. First we will quantify the pressure-dependent buckling energy barrier F B using numerical energy minimization. We find a scaling behavior
. Then we consider the sole effect of thermal activation without parameter renormalization and calculate an apparent buckling pressure from arguing that, at a finite temperature, energy barriers of the size of the thermal energy k B T (k B is the Boltzmann constant and T temperature) can be overcome quasispontaneously on experimental time scales by thermal activation. Finally, we will study the combined effect of (i) parameter renormalization and (ii) thermal activation and find a further reduction of the apparent critical buckling pressure both below the results if only parameter renormalization or only thermal activation is considered.
We can compare our results to existing numerical Monte-Carlo simulation results [44] , which show that, for T > 0, the critical buckling pressure p c (T ) is only weakly decreasing with temperature for k B T < κ/ √ γ but exhibits a pronounced decrease for
The simulation data could be collapsed onto a curve function. We will obtain the same scaling of the critical buckling pressure with k B T √ γ/κ both for (i) parameter renormalization and (ii) thermal activation because
II. BUCKLING AND PARAMETER RENORMALIZATION
We start by recapitulating the RG approach of Refs. [44, 45] leading to the RG transformation for the scaledependent elastic moduli and a scale-dependent pressure. Based on these RG equations we discuss several buckling criteria, which are slightly different from those used in Ref. [45] but give rise to very similar temperaturedependent buckling pressures.
A. Elastic energy and thermal fluctuations
The elastic energies of a spherical shell or capsule can be calculated using shallow shell theory [26] , which is accurate for weakly curved shells with h R 0 or, alternatively, at large Föppl-von Kármán numbers γ = Y R 2 0 /κ 1 [see Eq. (2)]. In shallow shell theory, the undeformed reference state of a nearly flat section of the sphere is described by a height function Z(x), where the Cartesian coordinates x = (x 1 , x 2 ) define a tangent plane that touches the sphere at the origin as shown in Fig.  2 . For a spherical shell the reference state has constant mean curvature 1/R 0 .
The reference state is deformed by tangential displacements u(x) [u = (u 1 , u 2 )] and normal displacements f (x) (f > 0 shall correspond to inward displacements); see Fig. 2 . For small displacements of the spherical reference shape, we obtain a strain tensor [13] 
and a corresponding in-plane elastic energy
with the Lamé coefficients µ and λ and the area element dS.
For the bending energy, we can use the Helfrich form [46] (assuming ν = 1 for bending [29] ),
where κ is the bending rigidity, H is the mean curvature, and H 0 = 1/R 0 is the spontaneous mean curvature of the undeformed sphere. For a shallow section of the shell, the mean curvature can be written as
where ∇ 2 = ∂ 11 + ∂ 22 . Adding the mechanical work by an external pressure p (with the sign convention that p > 0 is a compressive pressure), the total enthalpy is
The strain tensor (5) contains terms ∂ i f ∂ j f and the coupling f /R 0 of normal displacements to the Gaussian background curvature, both of which give rise to anharmonicities in the normal displacement field f in the enthalpy. The latter source of anharmonicities is characteristic for bent shells and vanishes in the limit R 0 → ∞ of a planar plate or membrane. The free enthalpy G is obtained by integrating out all thermal displacement fluctuations, G = −k B T ln Du df e −F/k B T , which can not be achieved analytically in explicit form because of the anharmonicities. In a RG calculation, this integration is performed iteratively, starting from small scales, and contributions from anharmonicities are absorbed into renormalized scale-dependent elastic moduli κ R and Y R and a scale-dependent renormalized pressure p R .
To this end, the normal displacement is separated into a uniform part f 0 caused by the homogeneous pressure p and a nonuniform partf (x) solely due to thermal fluctuations,
with Fourier componentsf (q) = A −1 d 2 xf (x)e iq·x , where A is the area in the x plane. The enthalpy F is split into a harmonic and an anharmonic part. Only the uniform normal displacement contributes to the pressure term, and only the nonuniform term contributes to the nonlinear part of the strain tensor. Therefore, the enthalpy is harmonic in u i (x) and f 0 , and these fields are eliminated by defining an effective enthalpy [47] 
Integrating out the phonon fields u i and homogeneous modes f 0 , we obtain [44] 
(we sum over double indices) where
is the transverse projection operator and Y = 4µ(µ + λ)/(2µ + λ) is 2D Young's modulus. The last cubic term is characteristic for bent shells and vanishes in the limit R 0 → ∞ of a planar plate or membrane. Appearance of a cubic term simply reflects a missing mirror symmetry for bent shells. The corresponding Fourier transformed correlation function
In the RG approach anharmonic contributions are absorbed into scale-dependent renormalized parameters κ R (q), p R (q), and Y R (q) that replace κ, p, and Y in (12) such that the full correlation function shall finally be obtained in the form
B. Renormalization group transformation Now, we shortly recapitulate the derivation of the scale-dependent parameters κ R (q), p R (q), and Y R (q) by Kosmrlj and Nelson [45] . In the RG transformation, fluctuations in the normal displacement fieldf are integrated out up to the length scale l = ab or down to a wave number q = π/l = Λ/b, where b = e s is the scale factor of the RG transformation and a = π/Λ is a microscopic cutoff scale (e.g., the shell thickness). Kosmrlj and Nelson have shown that the exact choice of a is irrelevant as long as a l el , with the elastic length scale (3), which is the length scale of initial dimples at the classical buckling instability, and a l th , with the thermal length scale l th ≡ 16π 3 κ 2 /3k B T Y , which is the length scale above which thermal fluctuations become relevant for flat plates. After integrating out, the original cutoff is re-established by rescaling lengths and fields according to
with a field rescaling exponent ζ f . In a momentum shell RG approach, the normal displacementsf are separated into slow modes f < (x) = |q|<Λ/b e iq·xf (q) and fast modesf > (x) = |q|>Λ/b e iq·xf (q) containing modes with wave numbers smaller and larger than Λ/b, respectively. We integrate over modesf > in the momentum shell Λ/b < |q| < Λ to obtain an effective enthalpy for the slow modesf < ,
Then we rescale lengths and fields according to Eq. (14) . The effective enthalpy for slow modes retains its form (11) by this change of scale by a factor b if new renormalized elastic parameters κ (s), Y (s), and p (s) are introduced. Their RG flow for an infinitesimal change of scale b ≈ 1 − ds is described by β-functions
β p = dp ds
where the denominator
was introduced. The terms I κ1 , I κ2 , and I p are given in Eq. (A11) in Appendix A. The function β κ (15a) seemingly differs in two terms from the results of Ref. [45] but is actually identical. For a consistent renormalization of the three-and four-point vertices, we choose ζ f = 1. Finally, the scale-dependent quantities κ R (q), p R (q), and Y R (q), in terms of which the full correlation function (13) can be written, are obtained by undoing the rescaling operation; this gives (using ζ f = 1)
where s = s(q) is given by e s = Λ/q. These parameters arise by simply integrating out fluctuations up to the scale = π/q = ae s , i.e., modes with wave numbers > q, without subsequent rescaling and obey the RG equations (A12) given in Appendix A. For any other quantity, the index "R" also indicates that it is a scale-dependent, i.e., renormalized but unrescaled quantity. (12) can become zero, which happens at the wave number
], which indeed corresponds to the wavelength λ c of the classical buckling instability. At this point, the shell becomes energetically unstable with respect to small fluctuations in the radial deformation modef (q c ), which initiates the buckling transition.
In the presence of thermal fluctuations, elastic constants and pressure are renormalized according to (15) and become dependent on the length scale ∼ 1/q up to which fluctuations have been integrated out: κ R (q) grows, Y R (q) decreases, and also the pressure p R (q) grows for decreasing q or increasing length scales . At T > 0 buckling happens analogously to the mechanical T = 0 case if the denominator of the correlation function G(q) (the two-point vertex function),
is renormalized to zero for a certain wave number q = q * , starting from the initial "bare" values p R (Λ) = p (and
Then the correlation function diverges, and the radial deformation modef (q * ) becomes unstable in the effective harmonic theory with renormalized parameters and initiates the buckling transition. The smallest initial value p for which D R (q) = 0 is reached for some q = q * is the critical buckling pressure p c (T ). The corresponding unstable wave number q * replaces the elastic wave number q el = (Y /κR 2 0 ) 1/4 = π/l el for the T = 0 buckling instability, q * (T = 0) = q el . It is important to note that q * is not identical with the renormalized value q el,R = [Y R (q el,R )/κ R (q el,R )R Because p c (T ) is the smallest initial p for which D R (q) acquires a zero at q = q * , D R (q) also has to have a minimum (or saddle) at q = q * . Two cases have to be distinguished: This minimum can be in the interior of the interval of possible q values, π/R 0 < q * < Λ, or it can be a boundary minimum at the smallest q value q * = π/R 0 . For an interior minimum or saddle with π/R 0 < q * < Λ, both D R (q * ) = 0 and ∂ q D R (q * ) = 0 are fulfilled at the critical buckling pressure, which leads to
These two equations determine both the renormalized critical buckling pressure p c,R = p R (q * ) and the corresponding unstable wave number q * . If Eqs. (19) lead to a q * < π/R 0 , the actual minimum is at the boundary value q * = π/R 0 , and buckling happens at the longest scale, l * = π/q * = R 0 . Then, the single equation D R (π/R 0 ) = 0 determines the renormalized critical buckling pressure p c,R = p R (π/R 0 ). For both cases, the buckling pressure p c (T ) is obtained as the bare initial value p = p c (T ) of the RG transformation which has to be chosen to reach p R (q) = p c,R at the corresponding buckling wave number q = q * .
In order to determine p c (T ) numerically, instead of solving Eqs. (19), we start at a small bare initial p and follow the RG flow from q = Λ down to the smallest q = π/R 0 . If D R (q) = 0 occurs, buckling happens. The smallest initial p for which this happens is the buckling pressure p c (T ), and the wave number q for which this happens is the unstable wave number q * .
In Ref. [45] , a slightly different buckling criterion was employed, namely that there exists a q = q * where the renormalized external pressure p R (q) reaches the renormalized critical buckling pressure:
. This is similar, but not equivalent, to our criterion D R (q * ) = 0 in conjunction with ∂ q D R (q * ) = 0 for a local minimum, because Eq. (19) also contains contributions from κ R (q), p R (q), and Y R (q), which are neglected if p c,R (q
The criterion of Ref. [45] can also be interpreted by considering the vertex function
, which is obtained by integrating out all fluctuations with Λ > q > q * , and which governs the remaining long wavelength fluctuations with wave numbers q in q
, but the unstable wave number is the renormalized elastic wave number
, which differs from q * in general. If q el,R > q * , this unstable mode is even no longer accessible to the shell, as it has already been integrated out. As long as differences between q * and q el,R are small, the criterion p R (q * ) = p c,R (q * ) should give comparable results to our criterion D R (q * ) = 0.
FIG. 3.
Critical buckling pressure pc(T ) as a function of the dimensionless temperatureT = kBT √ γ/κ according to the buckling criterion DR(q * ) = 0 (dark red solid line) and according to the criterion pR(q * ) = pc,R(q * ) from Kosmrlj and Nelson [45] (light blue dashed line). The criterion pR(q * ) = pc,R(q * ) gives slightly smaller values of pc(T ) but both criteria lead to pc(T ) < 0 for high temperatures, signaling that fluctuating shells can spontaneously buckle even without external compressive pressure. We also show the pressure where κ first renormalizes to zero at the largest scale, κR(π/R0) = 0 (green dotted line). This pressure is always below the critical pc(T ) from the buckling criterion DR(q * ) = 0, signaling that there are already fluctuations with κR < 0 present before buckling. Data points show numerical results from Ref. [44] .
D. Critical pressure from parameter renormalization
Kosmrlj and Nelson have shown that the results of the RG-transformation are solely dependent on a dimensionless temperaturē
Because our buckling criterion D R (q * ) = 0 operates on renormalized parameters, the critical buckling pressure p c (T ) should also only depend onT . Figure 3 shows the critical buckling pressure p c (T ) as a function of the dimensionless temperatureT for our buckling criterion D R (q * ) = 0 and the criterion p R (q * ) = p c,R (q * ) used in Ref. [45] . All RG flows have been calculated using an eighth-order Runge-Kutta method. First we can confirm that, for both buckling criteria, p c (T ) only depends on the dimensionless temperatureT for a wide range of Föppl-von Kármán numbers γ 10 3 . This is also corroborated by the scaling collapse of numerical simulation results in Ref. [44] (see also data points in Fig. 3 ). Only for largeT do results become non-universal; see Fig. 4 . This happens if the length scale l * = π/q * on which buckling occurs according to the criterion D R (q * ) = 0 reaches the largest accessible length scale R 0 such that p c (T )/p c (0) becomes also γ dependent, as can be seen from comparing Figs. 4 and Fig. 5 . For small Föppl-von Kármán numbers γ < 10 3 , already the elastic length scale l el on which buckling occurs at T = 0 is comparable to the radius R 0 , and the classical buckling pressure p c from Eq. (1) is no longer applicable.
For small temperatureT < 1, both criteria give practically identical results. The results are also in rough agreement with the numerical Monte-Carlo simulation results from Ref. [44] . At larger temperaturesT 1, the criterion p R (q * ) = p c,R (q * ) gives slightly smaller values of p c (T ), i.e., slightly underestimates the buckling stability. Both criteria give rise to p c (T ) < 0 for high temperatures, signaling that fluctuating shells can spontaneously buckle even without external compressive pressure [45] .
In Fig. 3 , we also show the initial pressure for which κ R (q) first renormalizes to zero. This always happens at the largest scale q = π/R 0 because of the shape of the RG flow of κ R (q): The renormalized κ R (q) is first increasing with q decreasing from its starting value q = Λ but, if the renormalized denominator D R (q) becomes small, exhibits a maximum followed by a sharp decrease to κ R < 0. Therefore, negative values κ R < 0 are always attained at the largest scales, and κ R (q) = 0 is first fulfilled for q = π/R 0 if starting from small initial pressure. The (blue) line of initial pressures p for which κ R (π/R 0 ) = 0 is, except for very small dimensionless temperaturesT 10 −4 , below the critical p c (T ) from the buckling criterion D R (q * ) = 0 (red line) in Fig.  3 . This shows that there are always unstable bending fluctuations with κ R < 0 already present before buckling. These are, however, still stabilized by the last positive term in the vertex function D R (q) in Eq. (18), which originates from the unavoidable stretching deformation that comes with any bending deformation of a sphere. This effect cannot be captured by the criterion p R (q * ) = p c,R (q * ) ∝ κ R (q * ) because it will always be fulfilled before κ R = 0 is reached. Therefore, the (green) line for the initial pressure for which κ R (q) first renormalizes to zero lies between the buckling pressures p c (T ) obtained with the two criteria D R (q * ) = 0 and p R (q * ) = p c,R (q * ) in Fig. 3 , and the critical buckling pressures from the criterion D R (q * ) = 0 always lies above the critical pressure from the criterion p R (q * ) = p c,R (q * ). Figure 5 shows the length scale l * = π/q * on which buckling occurs according to the criterion D R (q * ) = 0 as a function of the dimensionless temperatureT and for different Föppl-von Kármán numbers γ. For large temperatures, the buckling length scale approaches the radius R 0 , whereas for small temperatures it approaches the classical T = 0 elastic length scale l el from Eq. (3). This means that renormalization of elastic constants and pressure effectively transforms buckling into a long wavelength in- stability at higher temperatures. For small Föppl-von Kármán numbers γ, the buckling length scale approaches the radius R 0 already for smaller dimensionless temperaturesT . If the buckling length l * approaches R 0 , results for the critical buckling pressure p c (T ) become nonuniversal as discussed above (see Fig. 4 ).
The temperature dependence of the length scale l * in Fig. 5 shows another remarkable feature for temperatures aroundT 0.011, where it abruptly jumps from values slightly below the elastic length scale to values about 1.4 l el , depicted by the dotted lines. This relation between the length scale before and after the jump is found for a wide range of Föppl-von Kármán numbers γ. The jump in the buckling length scale can be traced back to the existence of an additional local minimum of D R (q) for temperatures in the range 0.01 <T < 25. Typically, slightly below the critical pressure D R (q) has only one local minimum, which develops into a divergence towards negative infinity at q * if the critical buckling pressure is reached. The jump occurs if two minima are present when the critical buckling pressure is reached and when the global minimum exchanges between both minima right at the buckling pressure [see Fig. 6(b) ], meaning that there are two q * values for which D R (q) = 0. Then the buckling length scale changes discontinuously, whereas the critical buckling pressure remains continuous.
At slightly higher temperaturesT 0.0123, also the critical buckling pressure exhibits an interesting feature, as it drops abruptly from p c (T )/p c (0) = 0.950 to p c (T )/p c (0) = 0.949. In this temperature range an increase in the bare pressure p above the red line in Fig.  6 (a) first leads to buckling; i.e., D R (q * ) = 0 is fulfilled for a certain q * . After increasing p above the yellow line, however, we find that again D R (q) > 0 for all q. Only above the blue line, a q * with D R (q * ) = 0 exists again. This leads to an S-shape p c (T ) curve in Fig. 6(a) . If the temperature is increased past the end of the blue line in Fig. 6(a) , the buckling pressure drops abruptly.
This feature in the p c (T ) curve could be related to the jump in l * and, thus, to the jump in q * which we discussed before. This jump happens, however, at slightly lower temperatures. Both the jumps in l * and in p c (T ) around T 0.011 − 0.012 might be artifacts of the approximate RG flow and might disappear if the RG calculation is extended to higher loop order.
III. BUCKLING BY THERMAL ACTIVATION OVER THE BUCKLING ENERGY BARRIER
Now we address the main issue of the paper, namely buckling by thermal activation over the buckling energy barrier. We use the Pogorelov approach and numerical simulations to determine the energy barrier associated with the formation of a stable axisymmetric dimple for pressures p < p c , i.e., below the critical buckling pressure. If only thermal activation over the energy barrier drives the buckling process, we estimate the critical buckling pressure using the criterion that barriers of order k B T can be overcome quasi-spontaneously on experimental time scales by thermal activation. Including also renormalization effects of elastic parameters into the energy barrier calculation, we describe the combined effect of thermal activation and parameter renormalization. We will also present evidence from numerical simulations that states with multiple dimples are not relevant for the energy barrier and, thus, for thermal activation.
A. Elastic energies and energy barrier in the Pogorelov model
For the following energetic considerations for indented configurations of spherical shells we will not use the shallow shell approximation but the general form (6) of the stretching energy, the Helfrich form (7) of the bending energy, and the mechanical work E p = −p∆V , where ∆V is the volume reduction with respect to the initial rest state with V 0 = 4πR Using also Y = 4µ(µ + λ)/(2µ + λ) for Young's modulus and ν = λ/(2µ + λ) for Poisson's ratio in the stretching energy, we obtain
We see that the deformation behavior of the sphere only depends on the two parameters γ and ν characterizing the elasticity of the shell and the dimensionless pressure pR 0 /Y or, alternatively, p/p c (because p c = 4(Y /R 0 )γ −1/2 ). Pogorelov approximated the energy of an axisymmetric dimple on a sphere by assuming that the dimple is an approximate isometric deformation of the sphere, i.e., that the dimple is an inverted spherical cap of the undeformed sphere, where the edges of the dimple are rounded by bending energy. Such a mirror inversion of a spherical cap is a suitable starting point to approximate buckled configurations because it avoids additional stretching strains. Using this approximation, Pogorelov calculated the energy of an axisymmetric indentation of volume ∆V on a sphere of initial volume V 0 = 4πR 3 0 /3 as [22, 30] [48]
where ν is Poisson's ratio and c Pog ≈ 15.09, V 0 is the initial volume of the sphere, V < V 0 is its volume after indentation, and ∆V = V 0 − V is the volume reduction by dimple formation. Slightly more accurate estimates of the energy of an axisymmetric dimple are given in Refs. [35, 49] but we will use the Pogorelov estimate (22) in the following. The Pogorelov energy (22) neglects that, under pressure p, the spherical shell is already uniformly compressed before the indentation is formed. Uniform compression to a volume V 0 − ∆V costs an energy
where the last approximation holds for ∆V V 0 . The equilibrium volume follows from p = dU sph /d∆V , resulting in
During buckling the spherical body relaxes this precompression but will remain compressed to a volume V 0 − ∆V b (with ∆V b < ∆V ), in addition to forming an indentation with volume reduction ∆V − ∆V b , such that ∆V is the total volume reduction. The remaining pre-compression of the spherical body costs an energy U sph (∆V b ) as given by Eq. (23), the formation of the additional indentation an energy U Pog (∆V −∆V b , V 0 −∆V b ) as given by Eq. (22) . The optimal buckled shape at pressure p is then obtained by minimizing the total enthalpy
with respect to the spherical pre-compression volume deficit ∆V b and the total volume deficit ∆V . Under volume control, the total energy 
Contour plot of Pogorelov enthalpy Then, equilibrium states under volume control become equivalent to equilibrium states under pressure control with an effective pressure p = dU sph (∆V b )/d∆V b generated by the compressional stress of the spherical body.
Analyzing the ∆V b -dependence of U (∆V b , ∆V ) for fixed ∆V shows that the compressed spherical shape with ∆V b = ∆V remains a metastable minimum for all ∆V (see Fig. 7 ). This is an artifact of the Pogorelov approximation, which is not able to predict the classical buckling pressure p c or the critical classical buckling volume given by [29] ∆V c V 0
(the last approximation applies to γ 1). This is the volume where the compressive pressure in a sphere reaches the classical buckling pressure p c = 4(Y /R 0 )γ −1/2 [see Eq.
(1)] according to the pressurevolume relation (24) in the compressed spherical shape.
Under volume control, the total energy U (∆V b , ∆V ) can develop a second local minimum as a function of ∆V b , which corresponds to a buckled state (see Fig. 7 ). This minimum with respect to ∆V b only exists for sufficiently large total volume reduction
and we obtain a critical unbuckling volume deficit ∆V cu below which the buckled state has to spontaneously "unbuckle." This lower critical volume deficit also corresponds to the minimum volume on the pressure-volume relation of the buckled branch and has also been found in Ref. [35] . The critical unbuckling volume deficit shows a different power-law dependence ∆V cu ∝ γ −3/5 on the Föppl-von Kármán number as compared to the classical buckling volume ∆V c ∝ γ −1/2 in Eq. (26) . For ∆V > ∆V cu , minimization with respect to ∆V b gives the optimal pre-compression
in the buckled state (for ∆V b ∆V ). Under pressure control, the buckled state becomes a local minimum of the enthalpy F (p, ∆V b , ∆V ) as a function of both ∆V b and ∆V only for sufficiently large pressure p > p cu , i.e., above a lower critical unbuckling pressure, which is given by the condition that the maximally buckled state ∆V = V 0 (∆V b = 0) becomes metastable:
, again with a different parameter dependence as compared to the classical buckling pressure
The maximally buckled state becomes energetically favorable over the spherical state for p > p c1 , i.e., above the Maxwell pressure [29, 30] . In the modified Pogorelov enthalpy landscape F (p, ∆V b , ∆V ) (see Fig. 7 ), the metastable spherical state ∆V b = ∆V , which exists for p > p cu , is always protected by an energy barrier from spontaneous transitions into the buckled state. This energy barrier can be determined from starting at a spherical initial state ∆V b = ∆V = ∆V i and moving along a path (∆V b , ∆V ) = (∆V i , ∆V i )+v(−A, 1) in the ∆V b -∆V plane into an arbitrary direction (−A, 1) with decreasing ∆V b (A > 0) using a volume parameter v ≥ 0. Independently of A we find an energy barrier
with a(ν) ≡ 27 
which is assumed at a total indentation volume (
1 and dimples remain small compared to the total capsule volume. The transition state, where this maximum is assumed, is a sphere with an energetically unfavorable "flattened" dimple, which is unstable both with respect to shrinking back to a sphere and growing into a fully developed dimple. For a fixed mechanical pressure, the fully developed dimple actually snaps through until opposite sides are in contact. Only for a volume-dependent osmotic pressure or under strict volume control, a stable dimple of finite size is possible [29, 30] . The buckling shapes that are assumed around the barrier if also multiple dimples are allowed are discussed below in Sec. III D. The result (29) describes the energy barrier for a single axisymmetric dimple.
It is clear that the Pogorelov model is incorrect for very large and very small dimples as the assumption that the dimple can be described as a rounded mirror inversion fails in both of these limits. For very small dimples, this can be easily seen by the fact that the energy barrier (29) does not disappear for p ≥ p c . We can, however, assume that very shallow dimples of a depth ζ comparable to the layer thickness h (assuming a thin shell made from an isotropic elastic material), i.e., ζ ∼ h, can be formed spontaneously (a similar assumption is made in Ref. [13] to derive the classical buckling pressure p c ). Using the fact that the dimple opening angle is α ∼ ζ/R 0 and ∆V ∼ α 1 and dimples remain small compared to the total capsule volume. If p approaches p c the buckling energy barrier actually vanishes as our simulation results in the next section show.
B. Simulation results for the energy barrier
In order to investigate the behavior of the energy barrier for single axisymmetric dimples also for p ≤ p c , i.e., for small dimples more rigorously, we use numerical energy minimization with the SURFACE EVOLVER [50] . Some details are explained in Appendix B.
Recently, a number of publications addressed the energy barrier for axisymmetric dimples on spherical shells by applying an additional point force in order to induce formation of a single dimple, where the point force F is applied, and in order to control the indentation depth ζ by the point force [34, 35, 40, 41] . The barrier state corresponds to an indented state with F = 0 at ζ = ζ B , which is unstable with respect to growth and shrinkage.
FIG. 8.
Numerical results for the enthalpy as a function of the dimensionless indentation depth (z − z0)/z0 = 2ζ/R(p) for γ = 10 5 , ν = 0.3, and for different values of p/pc [choosing F (z = z0) = 0 for an initial vertex distance z0 = 2R(p)]. The buckling energy barrier is obtained from the enthalpy maximum. Representative schematic shapes are shown for the spherical initial state, the barrier state with a "flattened" dimple, and a buckled state with a well-developed dimple (note that, under pressure control, the fully developed dimple corresponding to the buckled energy minimum will snap through until opposite sides are in contact). The indentations in the schematic shapes are exaggerated; the actual dimple indentations are much smaller, c.f. values on the x-axis.
The energy barrier is obtained from the F (ζ)-relation by
F (ζ)dζ. An additional point force has also been used in experiments [39] in order to calculate the energy barrier. In our numerical approach we will not prescribe a point force but directly constrain the conjugated indentation depth ζ.
In the simulation, we construct a spherical rest shape and apply a pressure p < p c , which leads to a uniformly compressed sphere with radius R(p) < R 0 . In order to map out the energy barrier between the compressed spherical state and the final buckled state, we need to stabilize all intermediate transition states in the numerical simulation. This is done by selecting two points on opposite sides of the sphere and introducing an additional constraint on the distance z between these two points during energy minimization (corresponding to an indentation depth ζ = R − z/2). Constraining and decreasing the distance z between these two points allows us to control the size of the two dimples that are formed on opposite sides of the sphere. For sufficiently small dimples, the enthalpy of a single dimple is half of the enthalpy of two dimples [40] , as we numerically verify in Fig. 18 in Appendix B. This allows us to obtain the enthalpy landscape F = F (z) of a single dimple as a function of z for a given pressure p (see Fig. 8 ), from the maximum of which we can directly determine the energy barrier F B .
As has been shown above, energies of deformed shells only depend on two parameters γ and ν characterizing the elasticity and the dimensionless pressure p/p c . This also applies to the energy barrier, which, if measured in units of Y R 2 0 , should only depend on these parameters. To analyze simulation results we use the critical pressure p c,SE as obtained from SURFACE EVOLVER simulations rather than the theoretical value p c = 4(Y /R 0 )γ −1/2 from Eq. (1) in order to compensate for discretization effects from triangulation of the surface, as explained in Appendix B 1. The Pogorelov approximation (29) suggests that the energy barrier can be written as a product
with a function f ν (ν), an exponent α, and a scaling function f p (x) for the pressure-dependence, which has to be determined from the numerical simulation results. Our numerical results for the energy barrier as a function of p/p c,SE for several values of γ and ν are shown in Fig.  9 . Figure 9 (a) demonstrates that, for ν ≤ 0.5, the ν-dependence is very weak as in the Pogorelov approximation [where f ν (ν) = a(ν), cf. Eq. (29)] such that we simply choose f ν (ν) ≈ 1 for ν ≤ 0.5. Figure 9 (c) shows that data for different γ [ Fig. 9 (b)] almost perfectly collapse for an exponent
which is also in agreement with the Pogorelov approximation. As a result, we can read off the scaling function f p (x) from Fig. 9 (c), which shows clear deviations from the Pogorelov approximation f p (x) ∼ x −3 for larger x ≤ 1. For small x we find f p (x) ∼ x −2.8 close to the Pogorelov approximation. A numerical approximation f p,num (x) for the scaling function is given in Appendix B 2 in Eq. (B3). Numerically, we see that the energy barrier vanishes upon approaching the critical pressure p c , as opposed to the Pogorelov energy barrier (29) . Our data are fairly well described by
2 for x ≈ 1]. Our numerical results are in excellent agreement with experimental data from Ref. [39] , where the energy barrier has been determined from experiments on hemispherical shells subject to both compressive pressure and a probing point force controling depth of the indentation. A comparison with the rescaled experimental data from Ref. [39] is also shown in Fig. 9(c) .
In order to determine the ν dependence more exactly, i.e., to obtain a more accurate approximation for the function f ν (ν) ≈ 1 in Eq. (30), we perform simulations for different values of γ and different values of ν, and isolate f ν (ν) by plotting the rescaled energy barrier in Fig. 10 , where we use the scaling function f p,num (x) from Fig. 9(c) . For ν ≤ 0.5, a linear fit f ν (ν) = 0.98 + 0.086ν describes the data [see also Eq. (B4)].
Using the numerically determined functions f p,num (x) and f ν (ν), we obtain an accurate description of the numerical results, which is summarized in Appendix B 2 in Eq. (B1). A simple approximation formula, which is accurate to within 20%, is obtained using f ν (ν) ≈ 1, α = 3/2, and
The approximative scaling function f p,app (x) is motivated by the Pogorelov result F B (p) ∝ p −3 for small p p c and our numerical result
for p ≈ p c . The x −1 -term represents a p −1 correction to the Pogorelov result.
C. Critical pressure from thermal activation
Our results for the energy barrier can be used to estimate a time scale on which buckling will occur by thermal activation. According to Kramers theory, i.e., assuming effectively overdamped stochastic dynamics for a reaction coordinate characterizing the size of the dimple such as z or ∆V , this time scale is
where τ 0 is a microscopic time scale characterizing the dynamics of the reaction coordinate and where the Arrhenius factor exp(F B /k B T ) dominates. For a given experimentally accessible time scale t exp buckling occurs if
which is essentially the criterion that energy barriers F B (p) < k B T can be overcome by thermal activation quasi-spontaneously (as long as they are not several orders of magnitude between time scales t exp and τ ). The criterion F B [p c (T )] = k B T then determines an effective temperature-dependent buckling pressure p c (T ) for buckling by thermal activation.
First, we use this criterion with our T = 0 results for the buckling energy barrier from the previous section. Employing the Pogorelov approximation (29) we obtain 
−3/2 f p,num (x) (p/p c ) with the scaling function f p,num (x) given by the collapse in Fig. 9(c) , we obtain the buckling criterion
for buckling by thermal activation. The resulting critical buckling pressure p c (T ) is shown in Fig. 11 (dark red line) and lies slightly above the critical buckling pressure from parameter renormalization. In the absence of thermal fluctuations, the right-hand side vanishes and Eq. (37) (33)], we can also infer the crossover to the T = 0 result:
1/2 . Interestingly, also the criterion (37) for buckling by thermal activation only depends on the dimensionless temperatureT as also observed for the influence of parameter renormalization on the buckling instability; see Fig. 3 .
So far, we did not take the combined effects of both thermal activation and renormalization of the parameters κ, Y , and p by anharmonicities into account in the buckling criteria. This can be done by using properly renormalized parameters κ R , Y R , and p R in the barrier crossing criterion F B (p) = k B T , which leads to
where p R (q * ) is the renormalized pressure and p c,R (q
is the renormalized critical buckling pressure. The renormalization of ν need not be considered, because of the negligible effect of ν on the energy barrier, and because ν remains of order unity during the renormalization [51] . The critical buckling pressure p c (T ) in the presence of thermal activation is the smallest initial pressure for which criterion (38) can be fulfilled.
The question remains to be answered how to choose the length scale l * = π/q * in Eq. (38) up to which barrier parameters are renormalized in the modified criterion F B,R (q * )/k B T = 1. The transition state at the energy maximum is a sphere with an energetically unfavorable "flattened" dimple (see also Fig. 8 ) and the elastic parameters characterizing this transition state dimple can only Fig. 3 , data points show numerical results from Ref. [44] .
be renormalized by fluctuations on length scales smaller than the size of the dimple. At finite temperatures, the minimal transition state dimple size is set by the unstable wave number q * for buckling, which we determined by our above buckling criterion D R (q * ) = 0 or the approximative buckling criterion p R (q * ) = p c,R (q * ) from Ref. [45] from parameter renormalization. At T = 0, the buckling length scale l * approaches the elastic length scale l el ∼ R 0 γ −1/4 for the unstable wave length at the T = 0 buckling instability (see Fig. 5 ). At p = p c and T = 0, the elastic length scale l el also sets the size of the transition state dimple. For p c > p > p c1 , the T = 0 transition state dimple size can be obtained from the enthalpy landscape F (p, ∆V b , ∆V ), for which we showed above that the barrier state is assumed for an indentation volume
. Assuming a spherical cap shaped dimple, this corresponds to a transition state dimple size ∼ R 0 γ −1/4 p c /p, which increases with decreasing pressure. It reaches its maximally possible size R 0 at the Maxwell pressure p c1 above which buckling becomes energetically possible and reduces to l el ∼ R 0 γ −1/4 at p = p c . Therefore, also at finite temperatures, we expect the transition state dimple size to be somewhat larger than l * for p < p c (T ). At T = 0, the length scale l el remains the length scale of the width of the ridge of the Pogorelov dimple [32, 33] also for p < p c . In analogy with the T = 0 case, we expect that the length scale l * determined by our above buckling criterion D R (q * ) = 0 corresponds to the width of the Pogorelov dimple ridge in the presence of thermal fluctuations rather than the size of the dimple. Thus, in choosing q * from the buckling criterion D R (q * ) = 0 in Eq. (38), we use parameters, which are renormalized only up to the length scale of the ridge of the dimple.
In using renormalized parameters in the buckling criterion (38) , which includes thermal activation, we also assumed that the same RG equations (15) that are derived for fluctuation around a spherical background state can still be applied to describe fluctuations around the transition state which already contains the "flattened" dimple. The RG equations will most likely take a different form on length scales exceeding the Pogorelov ridge scale l * because stretching and bending strains with this wavelength are large in a dimple configuration. Stretching and bending modes with smaller wave lengths should remain small and unaffected by the dimple such that they are well described by the RG equations (15) for a spherical background.
If the length scale q * is chosen from the approximative buckling criterion p R (q * )/p c,R (q * ) = 1 from Ref. [45] , Eq. (38) can be written as p R (q * )/p c,R (q
p,num as inverse function of f p,num ) and viewed as direct generalization of this criterion in the presence of thermal activation. The combined effect of thermal activation and parameter renormalization then leads to a further reduction of the critical buckling pressure, in particular, for temperaturesT > 1. This is what we expect in general: If both buckling mechanisms are considered, the critical buckling pressure should be further lowered below our above results in Fig. 3 from parameter renormalization only.
If the length scale q * is chosen from our buckling criterion D R (q * ) = 0, we obtain the generalized critical pressures p c (T ) in Fig. 11 (blue solid line) . Again, the combined effect of thermal activation and parameter renormalization leads to a further reduction of the critical buckling pressure for temperaturesT > 1. The available numerical Monte-Carlo simulation results from Ref. [44] , which are also shown in Fig. 11 , do not lie in the temperature rangeT 1, where the additional reduction becomes most pronounced demonstrating the need for further simulations in this temperature range.
D. Buckling shapes
So far only spheres with one or two dimples have been considered. However, as the mode that becomes unstable for p ≥ p c produces multiple dimples, and, in fact, the initial buckling shapes are a combination of critical modes [25, 26] , as shown in Fig. 12 , such shapes must also be taken into account. The question remains to what extent configurations with multiple dimples represent also rele- vant intermediate states for the energy barrier for p < p c , i.e., whether they represent the optimal transition states between the metastable compressed spherical state and the buckled state. The final buckled state will have only a single dimple. In order to compare enthalpies of states with single dimples and states with multiple dimples, we use two types of constraints. The first type is a constraint on the variance ∆R 2 of the distance of every vertex on the sphere to its center (the center of the sphere is considered to be the average of the coordinates of all vertices). The variance ∆R 2 of a spherical state before buckling is zero, whereas ∆R 2 > 0 after buckling, both for a single dimple and multiple dimples (see Fig. 12 ). By constraining the variance, we stabilize buckling shapes both with single and multiple dimples. The second type of constraint is similar to the constraint on the distance z between two opposite vertices on the sphere, which we used in Sec. III B. Now, we fix, however, the position of one vertex and constrain the other vertex to a distance z. For a constrained z < 2R 0 a single dimple of depth ζ = 2R 0 −z will be formed. We apply both constraints to the buckled shapes and compare the enthalpy F for different target values for ∆R 2 . If the minimal enthalpy for a given target value of ∆R 2 without an additional z constraint can also be reached in the presence of a z constraint, we can conclude that this enthalpy minimum represents a configuration with a single dimple. If, on the other hand, the minimal enthalpy for a given target value of ∆R 2 without an additional z constraint cannot be reached in the presence of a z-constraint, we conclude that this enthalpy minimum is a configuration with multiple dimples.
The results for the enthalpy minima as a function of ∆R 2 are shown in Fig. 13 . The black line is the minimal enthalpy without additional z constraint, and the colored lines are enthalpy minima in the presence of both constraints with color-coded z-value. The black line or the envelops of the colored lines exhibit a maximum which is the enthalpy barrier for buckling. If the colored lines remain above the black line for unconstrained z, the optimal buckled configuration consists of an array of multiple dimples. If the colored lines of the z constrained enthalpy touch the black line for unconstrained z (i.e., the black line is the envelope of the colored lines), we The colored lines of the z-constrained enthalpy touch the black line for unconstrained z (i.e., the black line is the envelope of the colored lines) indicating that the optimal buckled configuration consists of a single dimple. (b) Jumps in the colored and black curves are caused by large inward moves of a vertex in the center of the indentation when the indentation switches from its initial concave into its final convex shape. These jumps occur behind the initial energy barrier. The black line shows small deviations from the envelope of the colored lines for small ∆R 2 because the location of a single dimple is determined by the z-constraint (colored lines), whereas the initial formation and location of dimples is strongly influenced by the presence of disclinations for unconstrained z (black line). (c) Close to the critical pressure the influence of the disclinations is even stronger (therefore, data for unconstrained z is not shown).
FIG. 14. R(φ, θ) −R, in spherical coordinates, where R(φ, θ) is the distance to the center of the sphere, andR is its average, for an additional z constraint and directly before the first jump in Fig. 13(b) for p/pc = 0.85. The variance ∆R 2 is mostly caused by six fourfold disclinations (four at θ ∼ π/2 and one at θ = 0, π), such that the triangulation determines the formation and location of six dimples instead of a single dimple. As a result, the black line in Fig. 13(b) does not envelope the colored lines in Fig. 13(b) for small ∆R 2 .
conclude that the optimal buckled configuration consists of a single dimple. The results in Fig. 13 show that the latter is the case. There are small deviations, where the envelope of the colored lines does not coincide with the black line at larger pressures p/p c = 0.85 in Fig. 13(b) . The deviations at small ∆R 2 are caused by the effect of unavoidable disclinations in the triangulation of the spherical surface. We use a triangulation that contains six fourfold disclinations (each carrying a topological charge of 2, producing an overall charge of 12); see Appendix B. Indentations interact with these disclinations and are initially formed at disclinations. Therefore, we observe six very shallow indentations which form at disclinations in the absence of a z constraint along the black line, as also illustrated in Fig. 14 . With increasing ∆R 2 , the system switches to a single indentation. The interaction of indentations with disclinations is stronger for large pressure.
There are also downward energy jumps for p/p c = 0.85 in Fig. 13(b) . These jumps are caused by large inward moves of a vertex in the center of the indentation when the indentation switches from its initial unstable convex shape into its final concave shape. For pressures p/p c ≈ 0.5, the constraint on the variance ∆R 2 is not sufficient to suppress such sudden switches, eventually also as an effect of the existence of several small indentations because of the presence of disclinations, which affect ∆R 2 . Associated with this sudden switch is a hysteretic behavior if ∆R 2 is reduced again starting from a concavely indented post-jump state. Then the capsule returns into its initial spherical shape along a different path of configurations with different energies as shown in Fig.  15 also for p/p c = 0.85. The reverse deformation path exhibits a slightly smaller energy barrier. Despite the lower energy barrier, this deformation path has a steeper initial rise in energy when starting from the spherical shape, and is therefore not taken when the capsule is gradually indented. The energy barrier measured on the reverse path is only slightly lower, as the comparison in Fig. 16 shows, and will therefore have no significant influence on The light blue dashed line shows the minimum enthalpy for increasing ∆R 2 , starting from the spherical shape, and the dark red solid line shows the minimum enthalpy found for decreasing ∆R 2 , starting with a concavely indented shape. The reverse red path with concavely indented shapes exhibits a lower global enthalpy maximum than the blue forward path and becomes unstable for small ∆R 2 , where shapes become convex again.
any of the previously discussed results.
For pressures that approach p c , the paths with decreasing energy move closer to the energy maximum, as shown in Fig. 13(c) .
Only if we further follow the system to much larger values of ∆R 2 behind the energy barrier, multiple dimples are formed as shown in Fig. 12 . These dimples start to form around the initial single dimple and spread over the entire sphere.
We conclude that single dimples appear to be stable before the energy barrier, i.e., as long as dimple formation still increases the enthalpy, whereas multiple dimples spread across the sphere behind the energy barrier where further dimple formation lowers the enthalpy again. Then the path with decreasing energy, along which multiple dimples can be formed, appears almost directly behind the energy maximum. This is consistent with the known behavior at the critical buckling pressure p = p c . Then the energy maximum moves to ∆R 2 = 0 and multiple dimples can immediately be formed [25] .
IV. CONCLUSIONS
Thermal fluctuations lead to a depression of the critical buckling pressure p c by two mechanisms: (i) parameter renormalization because of anharmonicities in normal displacement modes, which are mainly caused by the background curvature 1/R 0 of the shell and (ii) thermal activation over the buckling barrier. In Ref. [45] , the effects of parameter renormalization have already been considered; here we extended this approach to also take thermal activation into account.
The anharmonic coupling between different normal displacement modes leads to scale-dependent, renormalized elastic moduli κ R (q) and Y R (q), and also a scaledependent pressure p R (q), which can be obtained from a RG transformation that has been derived in Ref. [45] . Buckling sets in if the two-point vertex function D R (q), which characterizes the curvature of the effective harmonic free enthalpy for the normal deformation modẽ f (q), is renormalized to zero for a certain wave number q = q * : D R (q * ) = 0. The modef (q * ) then becomes unstable and initiates the buckling transition. This buckling criterion is slightly different from the buckling criterion p R (q * )/p c,R (q * ) = 1, which is based on the renormalized ratio of pressure to critical buckling pressure that has been used in Ref. [45] . The resulting temperaturedependent critical buckling pressures are summarized in Fig. 3 . The criterion D R (q * ) = 0 gives a slightly higher value than obtained in Ref. [45] .
The main conclusions regarding renormalization effects remain unchanged from Ref. [45] . Renormalization effects should be most pronounced for large dimensionless (20) ]. For shells made from thin isotropically elastic materials this parameter becomesT ∼ k B T R 0 /Eh 4 , which means that shells with large radius R 0 are more susceptible to thermal fluctuations. The relevance of thermal fluctuations depends most sensitively (T ∝ h 4 ) on shell thickness, and thin shells are most susceptible to thermal fluctuations.
For a typical soft material with E ∼ 0.1 GPa, from which a microcapsule of size R 0 ∼ 10 µm is synthesized, the shells should be ultrathin with h ∼ 1 nm to reachT ∼ 400. Also many biological capsules, such as red blood cells (T ∼ 2 − 40) or Gram-negative bacteria (T ∼ 8), can exhibit fairly largeT . Moreover, p c (T ) can, in principle, become negative also with the modified buckling criterion D R (q * ) = 0, as Fig. 3 clearly shows. Therefore, a spontaneous buckling without external pressure but only caused by the fluctuation-generated pressure is possible as discussed in Ref. [45] .
We extended the Pogorelov approximation and used numerical energy minimization with the SURFACE EVOLVER to quantify the energy barrier F B (p) for a single axisymmetric dimple. We found a scaling behavior (30)] with an exponent α 3/2 and a weak ν dependence f ν (ν) ≈ 1, in agreement with the Pogorelov approximation, i.e.,
We quantified the scaling function f p (x) numerically in Fig. 9 in excellent agreement with existing experimental data from Ref. [39] . A simple approximation is given by Eq. (33) with a pressure scaling function
, which is in agreement with the Pogorelov approximation F B ∝ p −3 for x 1 and predicts that the barrier vanishes F B ∝ (1 − p/p c ) 2 close to the critical pressure. The exponent 2 is a numerical result and has to be corroborated by theoretical arguments in future research.
Considering a capsule or shell at half critical pressure p = p c /2 (with f p (0.5) ∼ 50), we find F B (p c /2) ∼ k B T ∼ 50/T and the barrier height measured in thermal energy units is also governed by the dimensionless temperatureT . Instead of using the thermal energy scale k B T , we can also use a mechanical energy scale and state that the characteristic size of the buckling barrier,
, is reduced over the elastic compression energy of the spherical shell just before buckling, U sph ∼ κ ∼ Eh 3 , by a factor γ −1/2 ∼ h/R 0 . For p < p c , this energy barrier can be crossed by thermal activation on accessible time scales if F B < k B T , which serves as criterion for thermal buckling via thermal activation. Thermal activation leads to a similar depression of p c (T )/p c < 1 as parameter renormalization. Both approaches give a critical pressure p c (T )/p c which only depends on the dimensionless temperatureT . Finally, we combine parameter renormalization effects and thermal activation by using properly renormalized elastic parameters for the energy barrier. This leads to our final results in Fig. 11 , which shows that thermal activation leads to a significant further decrease in p c (T ) and cannot be neglected: For the relative difference ∆p c (T ) between the critical pressures from renormalization only and from thermal activation plus renormalization as compared to the zero temperature critical pressure p c (0) we find |∆p c (T )|/p c (0) = 7, 11, 17, 27% for dimensionless temperaturesT = 1, 10, 100, 1000.
Finally, we addressed the question to what extent buckling shapes with multiple dimples, which are known to govern the classical buckling instability at p = p c , also play a role for the energy barrier for p < p c by constrained numerical energy minimization. In order to allow for the formation of multiple dimples we employed a constraint on the variance ∆R 2 of the distance of vertices on the shell to the center of the shell. We compared with energy minimization where we constrain the distance of one vertex to the center, which only leads to formation of a single dimple. Our numerical results show that single dimples are stable before the energy barrier, whereas multiple dimples spread across the sphere behind the energy barrier when further dimple formation lowers the enthalpy again. Therefore, thermal activation at p < p c is governed by formation of a single indentation.
Following Kosmrlj and Nelson [45] , we re-derive the RG equations governing the scale dependence of κ R (q), p R (q), and Y R (q).
For a momentum shell RG procedure, we Fourier transform the effective enthalpy (11), which results in F eff = F 0 + F int with a quadratic part
and cubic and quartic interactions
The normal displacementsf are separated into slow modes f < (x) = |q|<Λ/b e iq·xf (q) and fast modesf > (x) = |q|>Λ/b e iq·xf (q) containing modes with wave vectors smaller and larger than Λ/b, respectively.
Integrating out fast normal displacement modes f (k) in the momentum shell Λ/b < |k| < Λ results in an effective enthalpy
, which only depends on slow normal displacement modes with wave vectors |q| < Λ/b,
The average ... 0,k is an average over fast modes with the quadratic part F 0 [{k}]. The logarithm can be expanded into cumulants, denoted by the superscript (c),
The series can represented as Feynman diagrams leading to a systematic expansion in the number of loops. Up to one-loop order, all diagrams are shown in Figs 
The relevant terms for the renormalization of κ, p, and Y are terms of order q 4 , q 2 , and q 0 in Eqs. (A5) and (A6), respectively. They renormalize the quadratic part F 0 in (A1). The contributions to three-and four-point vertices (A7) and (A8) can also be used to calculate a renormalization of Y in the cubic and quartic part F int in (A2) by considering terms q 0 .
After performing the momentum-shell integrals over Λ/b < |k| < Λ in (A5) and (A6) [approximating integrals over the momentum shell Λ/b < |k| < Λ as
1−s with s 1] and after subsequent rescaling according to the Eqs. 14 with b = e s , we find new elastic parameters κ (s), Y (s), and p (s), that retain the form of the free enthalpy (11) upon a change of scale by a factor b. Their RG flow for an infinitesimal change of scale b ≈ 1 − ds is described by β-functions
with the denominator
Calculating β-functions for Y using the three-and fourpoint vertices (A7) or (A8) yields the same β Y , but with the terms (3ζ
In order for all of these to produce the same result, ζ f = 1 has to be chosen. The terms I κ1 , I κ2 , and I p in the RG equations (15) are 
The function β κ in (A9) slightly differs from the results in Ref. [45] . Differences are in the two terms
in Eq. (A9a) for the function β κ . First, the function I κ1 in (A11a) differs from the corresponding function in Ref. [45] ; second, the factor 11/12 is unity in Ref. [45] . Both differences exactly compensate each other such that we have the exact same RG equations as in Ref. [45] .
The scale-dependent, i.e., renormalized but unrescaled quantities κ R (q), p R (q), and Y R (q) defined via Eq. (17) obey RG equations
with D R (q) = κ R (q)q 4 − p R (q)R 0 q 2 /2 + Y R (q)/R 2 0 as in Eq. (18) and terms I κ1 , I κ2 , and I p which are given by Eq. (A11), where we similarly replace κ → κ R , Y → Y R , p → p R , R 0 → R 0 , and Λ → q.
FIG. 17.
Feynman diagrams approximating (A4) to oneloop order. The legs correspond tof (q), legs with slashes correspond to derivatives off (q), i.e., qif (q). Connected legs represent the propagator G(q). The blue parts of the threepoint vertices connect to the derivatives, whereas the red parts connect to legs without slashes. Three-point vertices carry the factor Y /R0, and four-point vertices carry the factor Y . Image taken from Ref. [45] .
Appendix B: Energy minimization using the Surface Evolver
The SURFACE EVOLVER is a program developed by Brakke for calculating the lowest-energy shape of a triangulated surface with definable energies and constraints [50] . The surface consists of vertices, which are connected by edges, which in turn form facets. After specifying the energy functional, the minimal energy shape is found iteratively by displacing vertices either following the steepest gradient or with more refined conjugate gradient methods and according to the applied constraints.
In order to create a sphere in the SURFACE EVOLVER, a cube is created first. This surface is successively refined by dynamical triangulation using a simple liquid surface energy E = σ dS with constant surface tension σ until an acceptable spherical shape is reached. Therefore, the resulting final triangulation contains six fourfold disclinations corresponding to the six faces of the original cube. Once this has been accomplished, the surface tension is set to zero, the triangulation is fixed, and the appropriate dimensionless elastic energies (21) are activated (i.e., we measure energies in units of Y R created sphere is defined as the relaxed state of the surface in the elastic energies (21).
The elastic energies are then minimized for a given dimensionless pressure p (measured in units of R 0 /Y ). We determine the barrier for 0 < p ≤ p c , where the sphere first compresses uniformly. Then we map out the energy landscape of the buckling energy barrier by selecting two vertices on opposite sides of the compressed sphere of radius R(p) < R 0 , which are fixed in place with a distance z 0 = 2R(p). By keeping a constraint on the distance z between these two vertices and decreasing this distance z starting from z 0 , we control the size of the dimple. A similar procedure has been used in Ref. [44] for fluctuating spherical shells. We obtain the enthalpy F = F (z) as a function of z for a given pressure p (see Fig. 8 ) and can determine its maximum F max . The energy barrier is F B = F max − F (z = z 0 ) with z 0 = 2R(p). By changing the pressure p, we can numerically determine the energy barrier as a function of pressure F B = F B (p).
Constraining the distance z between two opposite points on the sphere generates two dimples upon decreasing z; if one of the points is fixed before decreasing z, only a single dimple is created. For sufficiently small dimples, the energy barrier for a sphere that forms only one dimple is half of the energy barrier for a sphere with two dimples [40] , because the interaction of two small dimples on opposite sides of a sphere can be neglected; see Fig. 18 . ) for different vertex counts at γ = 100000. For ν ≈ 0.15, pc,SE roughly agrees with pc. Therefore, and because the estimate pc,SE for the critical buckling pressure becomes more inaccurate for larger ν (as the SURFACE EVOLVER does not reach the buckled shape in a reasonable amount of computation time even for p > pc,SE), Poisson ratios ν = 0.05...0.5 are used for the numerical calculations. For larger vertex counts, the approximate critical buckling pressure moves toward pc, indicating that the deviation is mostly a triangulation effect. However, disclinations most likely also play a role. A vertex count of 12290 was used for all remaining numerical simulations.
Discretization effects
In simulating buckling, discretization effects occur for the triangulated surfaces in the SURFACE EVOLVER. In the SURFACE EVOLVER, buckling does not occur exactly at the classical buckling pressure p c = 4(Y /R 0 )γ −1/2 but at an approximate value p c,SE , which deviates because of discretization effects. This value is determined numerically by gradually increasing the pressure until the average of all vertex distances to the sphere's center becomes smaller than 0.9 R 0 , at which point buckling has occurred. This approximated buckling pressure p c,SE is shown in Fig. 19 for different Poisson ratios ν and different triangulations. In order to obtain an energy barrier F B (p/p c ), which properly vanishes at p = p c , i.e., F B (1) = 0, we use the numerically determined buckling pressure p c,SE instead of p c . We analyze the numerical results for the energy barrier in Figs. 9, 10, and 20 also as a function of p/p c,SE rather than p/p c .
Numerical approximation for the energy barrier
A very accurate approximation for the numerically determined energy barrier of two dimples can be given as 
with
